Mg alloys containing long-period stacking ordered (LPSO) structures exhibit remarkably high tensile yield strength and ductility. 
S
are elements larger and smaller than Mg, respectively. In this work, we examine the thermodynamic stability of these LPSO precipitates with density functional theory, using a newly proposed structure model based on the inclusion of a Mg interstitial atom. We predict the stabilities for 14H and 18R LPSO structures for many Mg-X L -X L ternary systems: 85 systems consisting of X L =rare earths (RE)
Sc,Y,La-Lu and X S =Zn,Al,Cu,Co,Ni. We predict thermodynamically stable LPSO phases in all systems where LPSO structures are observed. In addition,
we predict several stable LPSO structures in new, as-yet-unobserved Mg-RE-X S systems. Many non-RE X L elements are also explored on the basis of size mismatch between Mg and X L , including Tl,Sb,Pb,Na,Te,Bi,Pa,Ca,Th,K,Sran additional 55 ternary systems. X L =Ca, Sr, and Th are predicted to be most promising to form stable LPSO phases, particularly with X S =Zn. Lastly, several previously observed trends amongst known X L elements are examined.
We find that favorable mixing energy between Mg and X L on the FCC lattice and the size mismatch together serve as excellent criteria determining X L LPSO formation.
Introduction
Mg-based alloys are often considered potential lightweight structural alloys of 610 MPa at 16% elongation [1] . This strength is coupled with the appearance of a novel ternary precipitate exhibiting order with long periods along the c-axis of the HCP Mg matrix [2] . Referred to as long period stacking ordered (LPSO) structures, these precipitates, and their resulting high strength, have since been observed in a variety of ternary Mg systems [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . However, LPSO systems typically contain at least 1 at.% rare earth (RE) elements, making such alloys prohibitively expensive for high-volume industrial applications.
LPSO structures have been reported in several Mg-X L -X S ternary systems, consisting of Mg, an alloying element larger than Mg (X L ), and an alloying element smaller than Mg (X S ). Currently, the following alloying elements have been reported to form LPSO structures: X L =Y,Gd,Tb,Dy,Ho,Er,Tm and X S =Zn,Al,Cu,Co,Ni [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Of the 35 possible Mg-X L -X S ternaries listed above, only 11 have reported LPSO formation, as summarized in Figure 5 . This is likely a consequence of a focus on L =Zn systems, particularly the Mg-Y-Zn system.
An important issue in predicting the properties for these LPSO structures with atomistic models such as density functional theory (DFT) is that their precise structure has remained elusive. The LPSO structure is readily observed to contain long range order along the c-axis. For many systems, the structure is, at first, of rhombohedral symmetry with 18 atomic layers per repeat unit (the this model to test the stability of a wide variety of LPSO precipitate chemistries in DFT.
In an effort to discover more affordable non-RE alloying elements which can form LPSO structures, we employ DFT calculations to predict the stability of LPSO structures in every LPSO-forming ternary system to examine the effect of chemistry on LPSO stability. We then extend the study to explore the possibility of novel non-RE elements capable of forming LPSO structures. We begin by exploring the thermodynamic stability of the interstitial LPSO structure model with DFT in detail for the Mg-Y-Zn system, finding that including
Mg interstitials promotes the stability of the structure over the older models.
We then systematically predict the stability of the interstitial LPSO structure in 85 RE-containing Mg-X L -X S ternary systems, for X L =RE (Sc,Y,La-Lu) and X S =Zn,Al,Cu,Co,Ni. For the 11 systems where LPSO phases are observed, our calculations predict all of these phases to be thermodynamically stable. In addition, we predict 41 stable RE-containing LPSO phases in systems where they have not been currently reported. These 41 as-yet-unobserved LPSO phases represent predictions awaiting experimental confirmation. From these results, we test the validity of previously proposed rules for LPSO forming systems, including the effect of the size of the X L element and the mixing energy between
Mg and X L on the FCC lattice. These design rules are then used to predict several candidate non-RE X L elements that may also form LPSO structures, which we then calculate with DFT. We predict the stability of LPSO for 55 non-REcontaining systems and find several systems for which LPSO phases are low in energy, competitive with thermodynamic stability. From these calculations, we predict that X L =Ca, Sr, and Th are promising LPSO forming elements.
Methodology
DFT calculations are performed with the Vienna Ab-initio Simulation Package (VASP) [20, 21] , employing the projected augmented wave method potentials [22] and the exchange and correlation functional of Perdew, Burke, and Ernzerhof [23] .
All degrees of freedom for the crystal structures are relaxed, including volume, cell shape, and internal atomic coordinates, to determine the 0K energetic ground state structure. An energy cutoff of 520 eV and gamma-centered k-point meshes of around 8000 k-points per reciprocal atom are used in the relaxation.
k-space integration is performed by the first-order Methfessel-Paxton approach with a smearing width of 0.2 eV during structural relaxation and then by the tetrahedron method with Blöchl corrections during a final, static calculation for accurate total energy. The f-electrons of the lanthanide elements were treated as core electrons, an approximation that has shown to produce accurate thermodynamic properties for lanthanide-containing structures [24] [25] [26] [27] . Calculations for systems containing Co and Ni were spin polarized with an initialized ferromagnetic structure.
For an LPSO structure to be thermodynamically stable, it must be stable with respect to every combination of unary, binary, and ternary phases in its respective ternary system. We define the thermodynamic stability of an LPSO structure, ∆E stab (LPSO), by:
where E(x) is the DFT predicted total energy of structure x, N i is the amount of element i, and µ i is the chemical potential of element i. To determine the set of µ i chemical potentials, we employ the following two facts: first, for a system in equilibrium, the chemical potential of each element must be the same in every stable phase; second, the total energy of a structure is simply the composition weighted sum of the constituent chemical potentials,
From these points, we construct a linear system of equations where Equation 2
is defined for each stable phase at the LPSO structure composition (excluding the LPSO structure itself) and solve for each µ i . LPSO structure is the energy of the LPSO relative to the composition-weighted sum of the competing phases:
The energy of this reaction, also given in This interstitial site is also indicated in Figure 1 . For comparison, the distance of the next largest interstitial site to a nearest neighbor is 2.25Å, indicating that there exists only one large interstitial site in the gradual LPSO structure.
[ Figure 1 an energy difference that does not qualitatively affect the results in this work.
All three interstitial defect formation energies are negative, indicating that they each stabilize the 14H gradual structure with their presence. Mg interstitials are predicted to be preferred as they have the most favorable formation energy and, thus, produce the most stable LPSO structure with respect to the other phases in the Mg-Y-Zn ternary system.
We calculate ∆E eV/defect for the Mg-Gd-Al system. We also predict ∆E Mg int for the 18R LPSO structure for a selection of ternary systems by:
The resulting the 18R ∆E In precipitation experiments, LPSO systems are often observed to initially form the 18R structure and then transform to 14H after annealing [7, 14] . MgGd-Al is a notable exception, where only the 18R structure has been observed [10] .
In our previous work, we showed that our calculations are consistent with experiments for the Mg-Y-Zn system, where the 14H structure is more stable than 18R and Mg [17] . A corresponding relationship between the 14H-i and 18R-i structures is given by the following transformation:
The DFT predicted energy for this transformation, ∆E 18R-i→14H-i , for every RE-containing LPSO system in this work (X L =RE and X S =Zn,Al,Cu,Co,Ni)
is shown in Figure 3 . A negative value for ∆E 18R-i→14H-i indicates the 14H-i structure is more stable than 18R-i and Mg. For most of the systems, the 14H-i structure is more stable, in agreement with experimental observation.
Furthermore, for the first half of the Mg-RE-Al series, we predict that the 18R-i structure is preferred, consistent with experimental observation of a preference for 18R LPSO formation in the Mg-Gd-Al system [10] . This agreement with experiments, where available, is another indirect indication that the interstitial LPSO structure model is accurate and gives us confidence in DFT thermodynamic predictions for cases where no experimental data exists.
[ Figure 3 about here.]
Thermodynamic Stability of Mg-RE-X S LPSO Structures
The formation energies (∆E F ) and stabilities (∆E stab ) of the Mg-RE-X S LPSO structures are summarized in Figure 4 . Nearly all Mg-RE-X S LPSO phases have negative formation energies, indicating they are stable with respect to the elements -only the Mg-Eu-Co and Mg-Yb-Co LPSO formation energies are positive. However, a negative formation energy is not a sufficient condition for an LPSO structure to be stable. The LPSO structure must also be more is in contrast to our previous work [17] where, for 14H Mg-Y-Zn LPSO without the interstitial, the structure lies 11 meV/atom above the convex hull. 14H-i
Mg-Y-Zn, in this work, is 12 meV/atom below the convex hull. Thus, using the new interstitial crystal structure [18] , DFT predicts that LPSO structures, in many cases, are thermodynamic ground states.
[ Table 8 about here.]
[ The stability of LPSO structures in all Mg-RE-X S ternary systems explored in the current work is summarized in Figure 5 . Interestingly, regardless of which X S is present, the same set of heavier RE X L elements generally appear to form stable LPSO structures: Y, Gd, Tb, Dy, Ho, Er, Tm, and Lu. As indicated in Figure 5 , several other ternary systems, such as those containing
Nd and Sm, are predicted to have nearly stable LPSO structures, lying less than 25 meV above the convex hull (k B T at room temperature). Currently, LPSO phases have only been studied in very few ternaries for X S =Zn [5, 8, [10] [11] [12] [13] . Of the 85 Mg-X S -RE systems we explored with DFT, 52 are predicted to have thermodynamically stable LPSO structures. To our knowledge, only 11
LPSO-forming ternary systems have been reported in the literature [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , and we predict all 11 to contain stable LPSO structures. Therefore, we predict the existence of 41 new, as-yet-unobserved LPSO-forming ternary systems. We call for experimental investigation of these systems to confirm (or deny) the validity of our predictions.
[ Figure 5 about here.]
Thermodynamic Stability of Non-RE LPSO Structures
Up to now, we have only discussed LPSO structures in ternary systems where
Non-RE X L elements are highly desirable to reduce the cost of employing LPSO precipitate strengthening on an industrial scale. To predict with DFT every possible Mg-X L -X S system is prohibitively expensive given the large quantity of possible ternary systems. Therefore, we limit the current DFT exploration of non-RE LPSO systems to the five known X S elements and employ a simple screen (detailed below) on all possible X L elements with high-throughput DFT calculations that are less computationally more efficient than full calculations of LPSO stability. The set of promising X L elements which pass this screen is sufficiently small for DFT predictions of stability to be performed. We conclude by testing the predicted DFT LPSO stabilities with several observed X L trends for LPSO formation [7] to investigate why only specific X L elements form stable LPSO structures.
We screen candidate X L elements for LPSO formation with what we assume to be the most important factor contributing to the ability of an X L element to 12 form a stable LPSO structure: the size mismatch of the element relative to Mg, noted as an important criteria for X L LPSO structure formation [7] . To quantify this mismatch, Kawamura et al. [7] used the mismatch between elemental atomic radii. From our DFT predicted atomic radii (calculated by taking half the nearest neighbor distance in the 0K ground state crystal structure), the atomic radius mismatch of the observed X L elements (Y and the later REs, as given in Figure 5 ) range between 8.5-12% larger than Mg. After calculating this quantity for 88 elements, 1 only three have radius mismatches near this range:
Pb, Tl, and Th. The stability of LPSO structures for these elements serving as Imp . This quantity is defined by:
where V(Mg 150 ) and V(Mg 149 X 1 ) are the volumes of a 150 atom HCP supercell containing Mg 150 and Mg 149 X, respectively. In our previous work, supercells of 150 atoms were found to produce values for V Imp converged with respect to supercell size [26] . Predicted for many elements in our previous works [26, 40] , 
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LPSO-forming criteria, clusters all the known X L elements (Y and the later REs, as given in Figure 5 ) into a single group (between 11.1 and 14.6Å 3 ). Therefore, we predict with DFT the LPSO stability of several non-RE solutes with impurity volumes near RE values, specifically K, Sr, Ca, Na, Sb, Pb, Bi, and Pa. These stabilities are shown in Figure 6 and given in Tables 8-12 . Most of these LPSO structures are found to be metastable, but some come energetically close to the T=0K ground state convex hull, as shown in Figure 5 , particularly Ca-and Srcontaining systems. In these systems, finite-temperature effects could stabilize LPSO structures. Our results suggest that Ca-and Sr-containing systems are promising and should be explored experimentally for possible new non-RE LPSO phases as they lie near the convex hull (2 meV/atom below the hull in the MgCa-Zn system).
Testing Proposed Design Rules for LPSO Stability
Kawamura et al. [7] observed several trends amongst LPSO-forming X L elements: (1) X L is larger than Mg, (2) the mixing enthalpy between Mg/X L and X L /X S is favorable, (3) X L has the HCP structure at room temperature, and (4) X L is moderately soluble in Mg. The first trend was used as the screening criteria for choosing non-RE elements. With our DFT calculated energetics database of LPSO structures in 85 RE-and 50 non-RE-containing ternary systems, the remaining trends can be examined more closely and used to elucidate why RE X L elements form stable LPSO structure whereas others do not.
The second proposed trend is that the Mg-X L and X L -X S binary systems exhibit favorable mixing thermodynamics. This trend had been observed from results of the Miedema model [7] . The favorable interactions between these ele- Pb has a smaller impurity volume than the observed RE X L elements. Pa, conversely, has an impurity volume similar to the observed X L elements but has a very unfavorable mixing energy, also resulting in metastable LPSO structures.
As seen in Figure 7 , of all the non-RE elements studied in this work, Ca is nearest to satisfying both constraints, perhaps explaining why Ca-containing LPSO structures are predicted to have competitive stabilities. Therefore, we find that the impurity volume and X L -Mg FCC mixing energy together serve as excellent criteria for determining LPSO formation, including, within a certain range, all stable X L elements and excluding all others, as indicated by the intersection of the two shaded regions in Figure 7 . The heavy RE elements are unique in that they satisfy both criteria.
The remaining two trends of Kawamura et al. [7] can be explored from direct experimental observations. The third trend is that all known X L elements appear to be HCP at room temperature. Every HCP RE element has been found to form LPSO structures, except for Sc and Lu which, to our knowledge, Figure 7) , Tl is predicted to form metastable LPSO structures (see Figure 6 ). This result shows that there are no non-RE HCP elements that also have impurity volumes in the range of the RE elements. Ca, Sr, and Th, which are the promising LPSO forming X L elements discussed earlier, are not HCP. However, DFT calculations of HCP Ca and Sr predict it to be very close energetically to FCC Ca and Sr (within 5 meV/atom or less) [28, 41] . The fourth trend is that some moderate degree of solubility of X L in Mg is present. From the observed X L elements, the solubility at the eutectic temperature varies between 3.4 and 6.9 at.% [42] . 
Summary
We have predicted, with DFT, the properties of many Mg-X L -X S LPSO structures: 85 systems consisting of X L =RE and X S =Zn,Al,Cu,Co,Ni. We find that the interstitial 14H-i and 18R-i LPSO structure models are energetically preferred to the previously published gradual structure model for every system we tested. Using these interstitial LPSO structures, we demonstrate that LPSO phases are thermodynamically stable in several ternary systems, specifically when X L is Y or a heavy RE element. We predict LPSO structures to be stable for every system where they are observed. Which X L elements form stable LPSO structures appear to be generally independent of the five X S elements in the current work, suggesting that there are several novel LPSO systems to explore, as summarized in Figure 5 .
On the basis of the size mismatch between Mg and X L , quantified by the impurity volume, several potential X L elements(Tl, Sb, Pb, Na, Te, Bi, Pa, Ca, Th, K, Sr) have been explored, amounting to 50 non-RE ternary LPSO systems.
These results have been used to examine previously proposed trends of X L elements that form LPSO structures, particularly the size mismatch and mixing energy between Mg and X L . We find that the impurity volume and X L -Mg FCC mixing energy together serve as excellent criteria determining LPSO formation, including, within a certain range, all stable X L elements and excluding all others.
Of all explored non-RE LPSO ternary systems, Ca-, Sr-, and Th-containing LPSO structures are the most competitive with the ground state. Ca-and Srcontaining LPSO systems are suggested for further experimental study as an alternative to or addition to RE alloying. Table 6 : DFT relaxed lattice parameters for the Mg-X L -Co LPSO structures, inÅ. Table 8 : Formation energies and stabilities for the Mg-X L -Zn LPSO structures, in meV/atom. The stable convex hull compounds is given in order of decreasing phase fraction. The number for ICSD compound or the Strukturbericht designation for the simple ordered compounds is given in parentheses. The compounds are the same for both the 18R-i Mg 59 X L 8 Zn 6 and 14H-i Mg 71 X L 8 Zn 6 compositions, unless indicated otherwise by a footnote. A negative stability indicates the LPSO structure is more stable than the convex hull phases. On Convex Hull (CH) <25 meV Above CH >25 meV Above CH LPSO Observed Figure 5 : DFT predicted stability of 14H-i and 18R-i LPSO structures for all Mg-X L -X S ternary systems explored in this work. X S and X L elements are given along the vertical and horizontal axes, respectively. Color coding is defined by the values of ∆E stab given in Tables 8-12 : blue for on the convex hull (∆E stab < 0), yellow for near the convex hull (0 < ∆E stab < 25 meV/atom), and red for far from the convex hull (25 meV/atom < ∆E stab ). X L =RE systems are given at top and X L =RE systems at bottom. Experimentally observed LPSO-forming systems are also indicated [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Note that blue squares without an "x" indicate systems where we predict as-yet-unobserved LPSO phases to be stable. 
